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ABSTRACT

This paper considers the problem of blind estima-
tion of Finite Impulse Responses (FIR) of Single-
Input Single-Output (SISO) channels from second or-
der statistics of transformed data, when the chan-
nel is excited by Binary Phase Shift Keying (BPSK),
Minimum Shift Keying (MSK) or Quadrature Phase
Shift Keying (QPSK) inputs. Identifiability condi-
tions are derived by considering that noncircularity in-
duces diversity. Performance issues are also addressed
by using standard subspace-based estimators, with
benchmarks such as asymptotically minimum variance
(AMY) bounds based on different statistics.

1. INTRODUCTION

SISO blind identification has been long considered to
need High-Order Statistics (HOS) [1]. On the other
hand, the use of additional diversity at the receiver per-
mitted to build a SIMO channel that could be iden-
tified with the sole help of second order statistics,
e.g. via subspace techniques [2]; if spatial diversity
is not available at the receiver, oversampling allows
to increase diversity only in the presence of sufficient
excess bandwidth, which is however rarely encoun-
tered. Other more recent techniques incorporate the
knowledge of the symbol constellation, which even-
tually amounts to using noncircularity of the symbol
sequence (see e.g., [3]).

In this paper, second or higher order noncircular-
ity is utilized in order to restore identifiability of FIR
SISO channels in the absence of space or bandwidth
diversities. This results in simple SIMO-type Blind
Identification algorithms based on second order statis-
tics of transformed data; these transformations include
complex conjugation, but also monomial functions.
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This paper is organized as follows. Section 2 in-
troduces FIR SISO data models. Identifiability results
are given in section 3, and performance issues are ad-
dressed in section 4. Some illustrative examples are
eventually reported in section 5.

2. DATA MODEL

Limiting our discussion to linear modulations, the
complex envelope of a transmitted signal s(¢) takes the
baseband expression s(t) = ), g(t — kT') xj,, where
xi denotes the discrete sequence of transmitted sym-
bols, T' the symbol period, and g(-) the transmit fil-
ter. After propagation through a time-invariant chan-
nel, the signal received on the antenna is of the form
s(t) = Y, h(t — kT') xy, for some complex linear
filter h(-) representing the global channel, combining
transmit and receive filters with the channel. It is sub-
sequently assumed that the global channel can be ap-
proximated by a FIR filter. Thus, if sampled exactly at
the rate 1/7, the received discrete-time signal may be
modelled as

M
Yt = Z Dy xi—g +ny
k=0

where hy, = h(kT), 0 < k < M, and n; denotes an
additive noise, which is assumed to be second-order
circular (i.e. E(n?) = 0), independently identically
distributed (i.i.d.), zero-mean and with finite variance
02 = E|ny|?. The information symbol sequence, x,
and noise n¢, are assumed to be statistically indepen-
dent; x; can be a stationary or a cyclo-stationary pro-
cess. It is convenient to use a multivariate representa-
tion by stacking M + 1 samples of the received signal:

ye = (Y, yi—1, "'7yth)T =Hh)x; +n; (2.1)

)T and n;, =

with x¢ = (o, T4—1,..., Tr—2m1
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(g, n¢—1,...,ns_pr)T, and where H(h) is the follow-
ing (M + 1) x (2M + 1) Toplitz matrix:

ho -+ -+ hy
H(h) = -
hg -+ - hy

with h % (ho, 1, ..., har)T. In the following, the
cases of BPSK, MSK and QPSK modulations will be
considered, as working examples.

3. IDENTIFIABILITY

3.1. BPSK modulation

In this section, z; is a stationary process, possibly col-
ored, taking its values in the set {—1,+1} with equal
probabilities. It is assumed that the so-called noncir-

. def . .
cular covariance R, = E(x;x] ) is non singular. The

set of nonzero circular and noncircular second-order
statistics of y; can be gathered in the covariance ma-
trix of the extended vector y; = (y{,y/)”, so that
from (2.1):

def

R; = E@wvi)=

[ 77:(%)) ]Rx [ H)H HbW)E ]+ 02Tanr40

3.1

Consequently, we obtain this way a structured covari-
ance matrix similar to that obtained in the SIMO case;
here the two channels have impulse responses h and
h*. Therefore the results (see e.g., [4]) concerning
the identifiability of SIMO channels can be applied.
Because 2(M + 1) > 2M + 1 and R, is nonsingu-

lar, the range space of the filtering matrix 7:[(h) def

H(h)
|
space determines the channel coefficients up to a mul-
tiplicative constant if channels h and h* do not share
any common zeros. This ambiguity can be fixed by us-
ing the knowledge of the alphabet; we have proved the
following

] is identifiable from Ry, and this range

Result 1 With a BPSK modulation and additive noise
satisfying the above assumptions, the impulse response
h of a SISO channel is identifiable from the circular
and noncircular second-order statistics of its output if
the polynomial Zé\io hi2* has neither real zeros nor
conjugated zeros.

3.2. MSK modulation

Now, we suppose x; is a MSK modulation defined
by 11 def ixicy where ¢; is a sequence of indepen-
dent BPSK symbols {—1,+1} with equal probabili-
ties where the original value zy remains unspecified in
the set {41, +4, —1, —i}. This process may be equiv-
alently modeled (see e.g., [5]) as x; = i'b;zg where
by is another sequence of independent BPSK symbols
{—1, +1} with equal probabilities.

We note that z; (and thus ;) is not stationary. But
by down-modulating' each y;, we get

M
pdef .y / /
Yp =yt = E hibe—k + 1y,
k=0

: def - def
with hj, = xohyi *,k = 0,..., M and where n} =

i~'ny is still second order stationary. Gathering again
the set of nonzero circular and noncircular second-
order statistics of y; in the covariance matrix of the

extended vector ¥, = (y'7, y'T)T we obtain
ef -y~ H
Ry < E(yy.)= (3:2)
H(h' .
|: H((h,*)) :| [ H(h,)H H(h, )H ] +O'3L]:2M+2.

Consequently, we can use the same approach as
for the BPSK modulation. Because 224: 0 h;czlC =

20 Y alo hi(i712)F, we obtain the following result

Result 2 With a MSK modulation and additive noise
satisfying the above assumptions, the impulse response
h of a SISO channel is identifiable from the circular
and noncircular second-order statistics of its down-
modulated output if the polynomial ZQ/[:O hiz* has
neither purely imaginary zeros nor paired zeros of the
form (izp,12y), z0 € C.

3.3. QPSK modulation

Now, we suppose x; is a QPSK modulation defined
as a sequence of i.i.d. r.v. taking their values in the
set {+1,+4, —1, —i} with equal probabilities and now
n; is Gaussian distributed and circular. Consequently
y¢ is now second-order circular. However, noting that
x7 is a BPSK modulation, a similar approach can still

be used by squaring the outputs ;. Indeed define

'In [3], this down-modulation is performed on vector y; and
consequently y, = y4i~° becomes stationary at the second order
but not ;.



Y, = def and hj, def hZ,k = 0,..., M. Then, by us-

ing (i) the mult1 linearity of moments and cumulants
[6] [7], (i1) relations between moments and cumulants,
(iii) properties specific to the QPSK alphabet, namely
v = 1, E(z?) = 0 and E|z7| = 1, and (iv) the
whiteness of x; at order 4, we can obtain the following
second-order statistics of the modified input, y;:

def * % 2
ry () = —E(yéy/t,g) +2 [E(ytyt_z)]
M
= thhlit:—e
def M
r;,(ﬁ) = E(yy,—¢) Z 1P
k={

for ¢ = 0, ..., M. Gathering the second-order statistics
7y, (1) and 7y (1) in an Hermitian 2 x 2 block Toplitz
matrix, we obtain the extended covariance matrix

H(W)

Ry = {H(h,*) ] [ HWHE HW™E ], (33)

As a consequence, a structured covariance matrix has
been obtained, which is similar to that obtained in the
SIMO case, with two channels of impulse responses
h’ and h'*. Therefore the results (see e.g., [4]) con-
cerning the identifiability of SIMO channels can be ap-
plied as well. The range space of Ry determines the
channel coefficients of h’ and h’* up to a multiplica-
tive constant if these channels do not share any com-
mon zeros. This ambiguity can be reduced by using
the knowledge of the symbol alphabet. Returning to
h, each coefficient of h is determined up to a sign am-
biguity, which may be cleared up using the successive
second-order statistics E(y;y; ), l = M, M —1,...,1.
Consequently, we obtain the following result:

Result 3 With a QPSK modulation and additive noise
satisfying the above assumptions, the impulse re-
sponse h of a channel is identifiable from the second-
order statistics of the squared output if the polynomial
224:0 hizk has neither real zeros nor conjugated ze-
ros.

4. PERFORMANCE

The above identifiability results naturally raise the im-
portant issue of performance analysis of algorithms
based on the second-order covariance R, and on the
modified second-order statistics Rgz. Usually, the
Cramer-Rao bound (CRB) serves as a useful bench-
mark for unbiased estimators yielded by identification

algorithms. Because this CRB appears to be computa-
tionally prohibitive in the present context, the notion of
asymptotically (in the number of measurements) min-
imum variance (AMV) bound introduced by Porat and
Friedlander [8] and Stoica et al [9] is considered.

4.1. AMYV bounds based on extended covariance
matrices

Let a« = (87,p")" denote the real-valued un-
known parameters (containing the real and imag-
inary parts of the complex parameters) of the
extended covariance matrices R; or Ry, where

0% (R(ho), ..., R(har), Im(ho), .., Im(hy))7, and
where p collects the nuisance parameters for the BPSK
and MSK modulations. Depending on the a priori
knowledge of the inputs, p = o2 if the BPSK sequence
x4 or the driving sequence b; for the MSK modulation
are white, and p = (E(zyx;_1), ..., E(zi2s_ops),02)T
for correlated BPSK symbols.

We note that if the conditions of the results of Sec-
tion 3 are satisfied, « is identifiable from Ry or Ry,
except the intrinsic ambiguity in the identification of
h, viz: a sign ambiguity for BPSK, or a rotation of
7/2 ambiguity for MSK and QPSK modulations. The
sign ambiguity of each h(k) appearing in the case of
the QPSK modulation can indeed be fixed by resorting
to E(y:yy_,)-

These block Toplitz matrices Ry and Ry are tradi-
tionally estimated from 7' successive received signals
y: by replacing the various expectations by the asso-

ciated sample correlations: 7 7(¢ )dﬁf 1 Zt " ytyt »
def def 1
7“g;,T( )= 7 Zt L YeYe—e Ty (€)= Zt 1 tyt 1

and 7, 7(¢) 1 Zt 1Y4Y;_p- In order to apply
the AMV bound [8, 9] to an arbitrary consistent
extended second-order algorithm based on the sample
estimates Ry 7 or Ry 7 of Ry or Ry respectively,
the involved statistics s must collect real-valued
sample correlations and complex-valued sample cor-
relations and their conjugate [10]. For example, sT =
(ry,7(0), 7y, (1), ooy ry (M), 75 (1), oy 1y 2 (M),
r;,T(O)v "'7r;,T(M)7r/Z,T(O) /ZT<M))T for
BPSK modulations.

In these conditions, the asymptotic covariance C,
of an estimator of ¢ given by an arbitrary consistent
second-order algorithm based on these statistics st is
bounded below by the real symmetric positive definite

matrix [S7 (o) C ! () S(e)] ! where S(ar) & dj,(g)



with s(a) e E(s7) and where C;(ax) is the circular

covariance of the asymptotic distribution of s [10].
Furthermore, there exists a nonlinear least square al-
gorithm (dubbed the AMYV algorithm [8]) whose co-
variance of the asymptotic distribution of the estimate
of «v attains this lower bound.

For the BPSK modulation with correlated sym-
bols, s(a) is structured as s(a) = ¥(0)p + (0),
which implies S = [S;, ¥] with S; def 858(;‘ ) and the
matrix inversion lemma gives

—1
Co > (sch;l/?Hés_l/quC;l/Qsl) (4.1)

where H{A denotes the projector onto the orthogonal
complement of the columns of A. For the BPSK
and MSK with the a priori knowledge that o2 is
the unique nuisance parameter, s(c) is structured as
s(a) = ®(0) + o2e;, where ey is the first unit vector
in R*M+3_ This implies S = [S1, 1], and the matrix
inversion lemma yields this time:

-1
Co > (Sch;l/Qné,l/Q Cgl/Qsl) 4.2)
s €]

Lastly for the QPSK modulation, where there is no nui-
sance parameter in Ry, we obtain the lower bound

Co > [S"(6)C; ' (0)S(6)] " (4.3)

Note that the expression of Cg for the different statis-
tics involved are deduced from Bartlett formulas for
the second-order and from extended Bartlett formulas
for the fourth-order [11].

4.2. AMY bounds based on orthogonal projectors

In order to assess the performance of subspace-based
algorithms built from Rj 7 or Ry 7, it is relevant
to replace the previous statistics s by the orthogo-
nal projectors IL; 7 or ILy 7 onto the noise subspace
of Rjr or Ry 1 respectively. In this case, sp =
vec(ILy ) or sy = vec(Ily r), and E(s7) depends
only on 6. But 6 is identifiable from II; or ITj up
to a complex scalar multiplication only. To avoid this
ambiguity, one parameter of h is fixed to a predefined
value, say, hg = 1. This choice will be also applied for
the estimation procedures in the following subsection.
In this case, the circular covariances of the asymptotic
distribution of vec(ILy 7) and vec(ILy 1) are singular,
but it is proved in [12] that the AMV bound definition
can be extended and is given by

Co > [S"(0)CT (6)S(6)] " (4.4)

where # denotes the Moore-Penrose inverse, and
where here S(6) o dz(g) with s(8) = vec(Ily) or
s(0) = vec(Ily) and where closed-form expressions
of C4(0) are given in [12].

Remark 1 Note that these expressions of C(60) de-
pend only on the statistics of the inputs x; through the
second-order terms for BPSK and MSK symbols and
the second and fourth-order terms for QPSK symbols.
On the other hand, the expressions of C(8) associated
with the statistics Rj 7 and Ry 7 depend on the sec-
ond and fourth-order terms for BPSK and MSK sym-
bols, and on the second, fourth, sixth and eighth-order

terms for QPSK symbols.

Remark 2 Note that the lower bounds (4.1), (4.2)
. A ”

and (4.3) denoted CéMV(Ry) or CGMV(Ry) associ-

ated with arbitrary consistent algorithms based on Ry
or Ry satisty, for the same a priori knowledge:

CAMV(RY) ANV
C;&MV(RQ/) < CgMV(Hg/)
AMV(Hg/)

AMV (I,
where C, V() and C, denote the lower
bound (4.4) associated with IL; 7 and Iy 7 respec-
tively, because these statistics are functions of Ry 1

and Ry 7 respectively. Furthermore, it is proved in

[13] that the lower bounds C‘SMV(RQ) and CSMV(H@)

coincide for correlated BPSK symbols, and for uncor-
related BPSK symbols if this a priori knowledge is not
taken into account.

4.3. Subspace-based algorithms

Because the structure of the covariance matrices Ry
and Ry of (3.1) (3.2) and (3.3) are similar to those
obtained in the SIMO case, all the algorithms devised
in this case can be used in the present context. In the
sequel by lack of place, only the so-called least square
(LS) and subspace (SS) will be considered [14]. We
note that the LS and SS estimates coincide in the two-
channel case [14] when the noise subspace is of one di-
mension, which is satisfied for BPSK and MSK mod-
ulations. In this case?, any eigenvector v associated
with the smallest eigenvalue of the block structured
matrices Ry satisfies v = (v{,vi1e*)T and:

h o V1
h* || —vie® |

We only consider the BPSK modulation, the case of the MSK
modulation is similar.




If from now, vy is constrained to have its first com-
ponent to be unity: h = vy (¢ = 1, ¢ = m).
Consequently, the LS and SS estimates are given by
hy = vy 7 where vy = (va, vaewT)T denotes the
eigenvector associated with the smallest eigenvalue of
the block structured matrices R r whose first compo-
nent is unity.

The asymptotic performance of this algorithm can
be devised from the asymptotic distribution of v:

VT (97 —%) 5 N (0,C3,C})
where C; and C) are derived from the mapping
Rj 1 —— ur —— v where ur denotes the unit norm
eigenvector associated with the smallest eigenvalue of

R v with positive real first component. We obtain by
the chain rule in particular:
C; = D(v' ® 8%)Cp, (v* ® S*)D¥

where S ¥ R, — 021 with D ¥ 4 _
V2|[h|| (I-v2||h|(¥,0)). After some algebraic
manipulations we obtain:

s = DS* (o2R; + RLIGR,") S¥ DY 45)

def 1/~ ~ v ~

where R} = E(y:37) = H(h)R,H" (h) + 02J and
with 3 (9 8.

5. ILLUSTRATIVE EXAMPLES

Fig.1 exhibits the asymptotic lower bound MSE (h) =
%Tr(C‘gMV(HQ)) and the asymptotic theoretical and
actual MSE given by the LS/SS algorithm for inde-
pendent BPSK symbols or MSK symbols driven by
independent symbols with the channel h(z) = (1 —
271 2)(1— 2y '2) with 21 = 0.8¢'® and 2y = 1.25¢"™/4
where « varies from O to 27 for 7' = 1000 and

SNR = 20dB.

BPSK 7

3 4
alpha(rd)
Fig.1 For either BPSK or MSK inputs: (—) Asymptotic lower
bound, (- -) asymptotic theoretical MSE(h), and (o, ) actual

MSE(h), given by the LS/SS algorithm.

We note that these MSE increase dramatically
when the zero z; approaches the real [resp. imagi-
nary] axis for the BPSK [resp. MSK] modulation for
which h becomes nonidentifiable. This behavior is ex-
plained by the behavior of the pseudoinverses CZ (6)
and S# in (4.4) and (4.5) respectively, for which 7:l(h)
becomes rank deficient.
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